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State-to-state thermal rate coefficients for reactions of all H3
++H2 isotopic variants are derived and

compared to new experimental data. The theoretical data are also sought for astrochemical modeling
of cold environments ��50 K�. The rates are calculated on the basis of a microcanonical approach
using the Langevin model and the conservation laws of mass, energy, angular momentum, and
nuclear spin. Full scrambling of all five nuclei during the collision is assumed for the calculations
and alternatively partial dynamical restrictions are considered. The ergodic principle of the collision
is employed in two limiting cases, neglecting �weak ergodic limit� or accounting for explicit
degeneracies of the reaction mechanisms �strong ergodic limit�. The resulting sets of rate
coefficients are shown to be consistent with the detailed balance and thermodynamical equilibrium
constants. Rate coefficients, k�T�, for the deuteration chain of H3

+ with HD as well as H2D+ /H3
+

equilibrium ratios have been measured in a variable temperature 22-pole ion trap. In particular, the
D2H++HD→D3

++H2 rate coefficient indicates a change in reaction mechanism when going to
higher temperatures. The good overall agreement between experiment and theory encourages the
use of the theoretical predictions for astrophysical modeling. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3089422�

I. INTRODUCTION

Deuterium in cold environments such as dense molecu-
lar clouds and prestellar or protostellar objects is essentially
locked in molecular HD. Yet, many species are observed
with deuterium enhancements of several orders of magnitude
with respect to the cosmic D /H ratio of 1.5�10−5.1 Even
triply deuterated species are observed.2,3

Isotopic substitution, i.e., X-H versus X-D, is promoted
by differences in zero-point vibrational energies �ZPVEs�
which can be larger than typical collision energies, E�kT,
thereby favoring the incorporation of deuterium atoms in
larger and heavier species. H3

+ has been identified to play a
dominant role in this interstellar relevant isotopic fraction-
ation. H3

+ originates from cosmic ray ionization of H2 and a
fast exoergic proton transfer reaction with another H2:

H2 + � → H2
+ + e−, �1�

H2
+ + H2 → H3

+ + H. �2�

It can quickly deuterate in successive steps via exchange or
transfer reactions with HD,

H3
+ + HD � H2D+ + H2 + �E , �3�

H2D+ + HD � D2H+ + H2 + �E , �4�

D2H+ + HD � D3
+ + H2 + �E , �5�

with �E=232, 187, and 234 K for reactions �3�–�5�, respec-
tively. One of its deuterium nuclei can then be transferred to

“metallic” species via direct reactions such as

D2H+ + X → X-D+ + HD, �6�

with X=N2, CO, etc. Else, it recombines with a free electron
and enriches the medium with free deuterons in reactions
such as

D3
+ + e− → D2 + D �7�

→D + D + D. �8�

This may trigger a deuterium-rich ice chemistry after the free
deuteron’s accretion onto icy grains.4–6 In this scenario, the
H3

+ cation acts as a vector dragging the deuterium from its
reservoir and spreading it further, directly or indirectly, to
other species. This pivotal role in the deuterium chemical
network is by now well established.

The growing interest of the astronomical community in
deuterium chemistry and its H3

+ parents has been stimulated
by numerous detections of deuterated H3

+,7–9 leading to ever
more complex astrochemical models.10–16 We now under-
stand that high deuterium fractionations of the H3

+ cations
need not only very low temperatures to occur but also sig-
nificant depletion of heavy-element-bearing species �CO,N2�
onto the grains and sufficiently low electron abundances. The
H2 ortho/para �hereafter o/p� ratio which is thought to be not
fully thermalized in dense molecular clouds17 has also been
identified as a limiting factor to the level of deuteration of H3

+

�Refs. 10 and 18� since, e.g., the 170 K internal energy of
o-H2 �J=1� helps overcome the endothermicity of reactions
�3�–�5� in the reverse direction.

Regarding theory, the potential energy surface �PES� of
the H5

+ system was first characterized by Yamaguchi et al.19a�Electronic mail: schlemmer@ph1.uni-koeln.de.
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and has now been explored in greater detail also for its iso-
topic variants.20,21 Much of the theoretical work has been
concerned with the bond energies and structure of this elu-
sive molecule. Recently, the determination of the vibrational
spectrum of H5

+ is also subject to a number of theoretical
work.22,23

However, quantum scattering calculations for the
H3

++H2 system calculating reactive or inelastic cross sections
or rate coefficients are missing to date. Nevertheless, Oka
and Epp24 proposed a simple formulation for the inelastic
rate coefficients but their statistical approximation suffers a
proper normalization and neglects nuclear spin constraints.
More recently, state-to-state rate coefficients including ortho-
para conversions of the purely hydrogenated system were
derived by Park and Light25 on the basis of a microcanonical
statistical approach. Essentially, the present theoretical treat-
ment employs the same statistical approach, where the reac-
tion probability is calculated on the basis of a capture model
for the collision considering the cumulative reaction prob-
ability �CRP�. Complex formation and conservation of the
total energy, the total rotational angular momentum, as well
as total nuclear spin are used to determine the CRP. In the
present study, not only inelastic collisions but, in particular,
isotopic reactions are considered.

Prior to the derivation of rate coefficients for the
H3

++H2 collision, Quack26 most imposingly settled the strin-
gent nuclear spin constraints which are at play in reactive
collisions. Later, Park and Light27 carried on those aspects to
greater details while Oka28 gave an elegant reformulation of
the selection rules.

In the laboratory, the rate coefficients for all isotopic
reactions were first measured with a VT-SIFT apparatus in
the temperature range 80–300 K �Refs. 29 and 30� using
normal H2 and normal D2, i.e., o /p=3 and 2, respectively.
Later, Cordonnier et al.31 employed spectroscopic means to
analyze nuclear spin reactions of the purely hydrogenated
system at temperatures of �400 K relating ortho-para con-
version probabilities with reaction mechanisms. More re-
cently, Gerlich et al.18 used a 22-pole ion trap apparatus at
10 K to measure the rate coefficients for reactions �3�–�5� in
the forward direction and inferred the speed of reaction �3� in
the backward direction by equilibrium measurements in n-H2

and p-H2 containing natural impurities of HD. This experi-
mental study demonstrated the detrimental effect of o-H2 on
deuteration for the first time. Nevertheless, the low value for
the forward rate coefficients caused a lot of discussion and
showed the need for temperature-dependent measurements
and theoretical predictions in the low-temperature domain. A
recent summary of some of the most important HmDn

+ colli-
sion systems is given in Ref. 32. The branching ratios for
some of these systems pose very critical tests to current ex-
perimental and theoretical work. In addition, a critical dis-
cussion of the in situ calibration of HD and the o/p ratio of
H2 and other experimental considerations is given therein.

The H3
++H2 isotopic system represented in Fig. 1 con-

sists of 8 reactions when considering the isotopic exchange
between the ionic and neutral collision partner as well as 168
reactions when considering nuclear spin symmetries. Among
those reactions, 73 are strictly forbidden assuming nuclear

spin conservation �frozen-nuclear spin approximation�. De-
spite the several advances in both theoretical and experimen-
tal fields, a complete set of rate coefficients in order to model
the interaction of the H3

+ and H2 isotopologues in interstellar
conditions is still missing and we would like to address this
problem here.

The paper is organized as follows. In Sec. II, the micro-
canonical model to calculate thermal state-to-state rate coef-
ficients of the H3

++H2 isotopic system is given. The incorpo-
ration of the reaction mechanisms during the complex’s
lifetime and the ergodic limits are described. The results are
presented and analyzed in Sec. III. In Sec. IV, new measure-
ments performed with a 22-pole ion trap apparatus are pre-
sented, experimental and theoretical results being compared.
Limitations of the current theoretical as well as experimental
approach are discussed in the Sec. V. Finally, Sec. VI sum-
marizes the work and draws several conclusions.

II. MICROCANONICAL MODEL

The model is based on phase space theory �PST�. It de-
scribes the collisions at low temperatures ��50 K� of state
specific H3

+ and H2 isotopologues. The phase space and the
conservation laws are first introduced in Sec. II A by settling
the nomenclature and presenting the H3

+ and H2 isotopo-
logues. In Sec. II B, we describe the complex formation with
the Langevin model and derive statistical weights for nuclear
spins and rotational angular momenta from which we obtain
reactants-to-complex state-detailed probabilities. Equiva-
lently, the complex decay is treated in Sec. II C specifying
statistical weights for mass, nuclear spin, energy, and rota-
tional angular momentum conservation from which
complex-to-products state-detailed probabilities are derived.
State-to-state cross sections are obtained in Sec. II D by dis-
tributing the capture cross section on the basis of the com-
plex formation and decay state-detailed probabilities. State-
to-state thermal rate coefficients are derived by integrating
the state-to-state cross sections over the Maxwellian collision
energy distribution.

FIG. 1. �Color online� The H3
++H2 isotopic system with nuclear spin details.

All reactions within a given isotopic complex �same shade� are possible �i�
if allowed by the feasible reaction mechanisms and �ii� if not strictly forbid-
den by nuclear spin selection rules. The numbers are the channel’s zero-
point energies ��E /k in Kelvin� relative to their complex’ most exoergic
channel. The reactions are globally favored in the top right direction.
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A. Phase space and conservation laws

1. Microstates and phase space

The reaction process is decomposed in the entrance
channel �JNM�, the complex channel C, and the exit chan-
nel �J�N�M��. The internal states �microstates� of the reac-
tants, intermediate complexes, and products are expressed in
the phase space consisting of mass and energy scalars as well
as rotational angular momentum and nuclear spin vectors.
The entrance channel consists in an ion J, a neutral N, and
their relative motional channel M. An ion J or a neutral N
is defined by its degree of isotopic substitution determining
its mass m and ZPVE Ev, its nuclear spin symmetries for
hydrogen nuclei �H and deuterium nuclei �D, and its rota-
tional state described by rotational quantum number�s�—
among which the rotational angular momentum
J—determining its rotational energy Er. The charge of the
ion is qi, and the isotropic polarizability of the neutral is �n.
The subscripts i and n are used to define the quantities of the
ion and the neutral, respectively. A relative motion M is
described by the collision energy Ecol and the quantum or-
bital angular momentum l. The reduced mass of two species
is denoted as �. The exit channel �J�N�M�� and its quan-
tities are defined identically and referred to with a prime. The
intermediate complex channel C is defined by its total mass
mtot, total energy Etot, total rotational angular momentum Jtot,
and total nuclear spin symmetries for hydrogen nuclei �tot

H

and deuterium nuclei �tot
D . Table I summarizes the quantities

used in this paper.
Table II details the channels for the ions and the neutrals

which were considered in the following calculations. The
rotational states of the species correlate with the nuclear spin
symmetry representations according to the symmetrization
postulate.35 As first introduced by Maue36 for methane, the
Greek appellations ortho, meta, and para for the different
nuclear spin symmetry representations �i �i.e., modifications�
of an isotopologue are assigned in decreasing order of their

high-temperature �T→�� statistical weights W��i�
� which is

simply their high-temperature populations. The W��i�
� are thus

proportional to their total number of rovibronic states
Nrve��i� and the nuclear spin degeneracy of their rovibronic
states g��i�:

W��i�
� = g��i� � Nrve��i� . �9�

Since g��i� is the frequency of the representation, f��i�, and
Nrve��i� is proportional to its dimension dim��i�,

g��i� = f��i� , �10�

Nrve��i�
dim��i�

=
Nrve�� j�
dim�� j�

, �11�

the high-temperature statistical weight of a nuclear spin sym-
metry representation is proportional to its frequency and its
dimension, i.e., its pure nuclear spin statistical weight,

W��i�
�

W��j�
� =

f��i� � dim��i�
f�� j� � dim�� j�

. �12�

It is noteworthy that in the literature, the appellations for the
nuclear spin modifications are often misassigned in decreas-
ing order of the rovibronic state’s nuclear spin degeneracy
g��i� only, neglecting the nuclear spin representation’s total
number of rovibronic states Nrve��i�. This results in the ex-
change of ortho and meta appellations for D3

+ �Refs. 15, 37,
and 38� and could lead to confusions and errors.

The ZPVEs33,34 in Table II are expressed relative to D3
+

for the ions and D2 for the neutrals. Only the vibronic ground
states were considered according to the low temperatures of
interest. The rotational energies of H2, HD, and D2 were
calculated according to Ramanlal and Tennyson.34 The rota-
tional energies of H3

+ were taken from Lindsay and McCall,39

those of H2D+ and D2H+ were taken from Tennyson.40 For
the D3

+ rotational levels, we used the parameters for the

TABLE I. Nomenclature of the quantities considered. See the text for detailed explanations.

Reactants

Complex

Products

Ion Neutral Ion Neutral
Motion Motion

Channel J N C J� N�
M M�

Mass mi mn mtot mi� mn�
� ��

Energy Ei
v En

v

Etot
Ei�

v En�
v

Ei
r En

r Ei�
r En�

r

Ecol Ecol�

Rotational
angular momentum

Ji Jn Jtot Ji� Jn�
l l�

Nuclear spin
symmetry

�i
H �n

H �tot
H �i�

H
�n�

H

�i
D �n

D �tot
D �i�

D
�n�

D

Polarizability
and charge

�n �n�
qi qi�

164302-3 H3
++H2 isotopic system J. Chem. Phys. 130, 164302 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



Watson Hamiltonian given by Miller and Tennyson.41 All
energies were rounded with 0.1 K accuracy. In order to avoid
errors due to energy truncation for the low-lying states of
interest, we systematically included the nine and four lowest
levels of each H3

+ and H2 isotopologue and modification. The
isotropic polarizability of H2, HD, and D2 was taken as
0.79 Å3.42

2. Conservation laws

The phase space volume in which a given microstate can
evolve is restricted by the conservation of the total mass,

total energy, total rotational angular momentum, and hydro-
gen and deuterium total nuclear spin symmetries:

mi + mn = mtot = mi� + mn�, �13�

Ei
v + Ei

r + En
v + En

r + Ecol = Etot = Ei�
v + Ei�

r + En�
v + En�

r + Ecol�,

�14�

Ji � Jn � l↑Jtot↓Ji� � Jn� � l�, �15�

�i
H

� �n
H↑�tot

H ↓�i�
H

� �n�
H , �16�

TABLE II. H3
+ and H2 isotopologues: mass, ZPVE, nuclear spin symmetries, and lowest rotational levels.

Isotopologue H2D+ D2H+ D3
+

Mass �amu� 4 5 6

ZPVEa �K� 1245.8 646.2 0

Modificationb ortho �9� para �3� ortho �12� para �6� ortho �16� meta �10� para �1�
H symmetryc 3 A �1� 1 B �1� 2 A �1� 2 A �1�
D symmetryc 3 A �1� 3 A �1� 6 A �1� 3 B �1� 8 E �2� 10 A1 �1� 1 A2 �1�
Selection
rulesd

Ka odd Ka even Ka+Kc even Ka+Kc odd K=3n	1 K=0, J even
or K=3n

K=0, J odd
or K=3n

Rotational
levelse

86.4 �111� 0.0 �000� 0.0 �000� 50.2 �101� 46.5 �11� 0.0 �00� 62.7 �10�
104.2 �110� 65.8 �101� 70.9 �111� 83.4 �110� 123.2 �22� 187.9 �20� 230.0 �33�
199.8 �212� 189.4 �202� 146.3 �202� 158.6 �212� 171.7 �21� 230.0 �33� 374.7 �30�
253.1 �211� 314.6 �221� 196.2 �211� 257.8 �221� 310.6 �32� 622.3 �40� 730.6 �66�
365.5 �313� 322.1 �220� 262.0 �220� 282.1 �303� 358.7 �31� 730.6 �66� 788.4 �53�
469.3 �312� 361.7 �303� 287.8 �313� 361.6 �312� 366.9 �44� 788.4 �53� 929.1 �50�
580.7 �414� 510.4 �322� 407.7 �322� 426.0 �321� 533.8 �55� 1155.6 �63� 1155.6 �63�
659.5 �331� 541.5 �321� 554.3 �404� 456.4 �414� 559.0 �42� 1163.1 �76� 1163.1 �76�
661.6 �330� 579.6 �404� 542.6 �331� 543.5 �330� 606.5 �41� 1293.5 �60� 1499.0 �99�

Isotopologue H3
+ H2 HD D2

Mass �amu� 3 2 3 4

ZPVEa �K� 1797.7 903.6 491.2 0

Modificationb ortho �4� para �4� ortho �3� para �1� �6� ortho �6� para �3�
H symmetryc 4 A1 �1� 2 E �2� 3 A �1� 1 B �1� 2 A �1�
D symmetryc 3 A �1� 6 A �1� 3 B �1�
Selection
rulesd

K=0, J odd
or K=3n

K=3n	1 J odd J even J even J odd

Rotational
levelse

125.1 �10� 92.3 �11� 170.4 �1� 0.0 �0� 0.0 �0� 0.0 �0� 85.9 �1�
453.7 �33� 243.6 �22� 1014.5 �3� 509.7 �2� 128.4 �1� 257.6 �2� 513.9 �3�
743.7 �30� 341.5 �21� 2499.6 �5� 1679.9 �4� 384.2 �2� 853.9 �4� 1276.0 �5�
947.7 �43� 615.8 �32� 4567.2 �7� 3465.3 �6� 765.7 �3� 1778.1 �6� 2357.9 �7�
1432.8 �66� 711.8 �31�
1554.5 �53� 722.3 �44�
1829.0 �50� 1048.9 �55�
2269.4 �63� 1105.6 �42�
2282.7 �76� 1199.3 �41�

aRelative to the ZPVE of D3
+ and D2 �Refs. 33 and 34�.

bThe integer in parenthesis represents the high-temperature statistical weight, i.e., the pure nuclear spin statistical weight, as defined in Eq. �12�.
cSymmetry representation in the appropriate permutation group. The first integer is the frequency of the representation, i.e., the nuclear spin degeneracy of the
rovibronic states, and the integer in parenthesis is the dimension, i.e., the density of rovibronic states.
dRotational selection rules for the vibronic ground states according to the symmetrization postulate.
eEnergies in Kelvin and quantum numbers in parenthesis: J for H2, HD, and D2, JK for H3

+ and D3
+, and JKaKc

for H2D+ and D2H+.
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�i
D

� �n
D↑�tot

D ↓�i�
D

� �n�
D . �17�

Equation �13� is equivalent to the conservation of the hydro-
gen and deuterium nuclei. The � operators in Eq. �15� and
Eqs. �16� and �17� are the direct products for the K spatial
rotation group �i.e., vectorial sum of angular momenta� and
the nuclear permutation groups, respectively. The ↑ and ↓
operators correspond to inductions and subductions of the
representations in the groups of concern.26,28 The nuclear
spins are treated as completely decoupled from the other de-
grees of freedom considering the lack of significant magnetic
couplings during the collision process.27,43 The nuclear spins
are thus assumed to be frozen, resulting in the strict conser-
vation of the total spin angular momenta, symmetries, and
magnetic moments. The constraints and statistics rising from
this frozen-nuclear spin approximation have already been
discussed in the literature regarding symmetry,26 angular
momentum,27 or both.28 Regarding the symmetrization pos-
tulate, the nuclear spin symmetry representations must be
considered contrarily to their angular momentum representa-
tions. Total parity conservation was not considered in the
present calculations.

Transition probabilities of the microstates are assumed to
fulfill the equiprobability principle according to the ergodic
principle and the full-scrambling hypothesis inferred from
the topology of the H5

+ PES �see Sec. II E�. Throughout this
paper, the weights and probabilities derived according to
those conservation laws will be written with the general form
W�
��� and P�
��� with � and 
 being the prior and posterior
informations.

B. Complex formation

Consider a given entrance channel �JN� representing
two H3

+ and H2 isotopologues with specific internal states.

1. Langevin model

Let the two reactants be on a trajectory with a collision
energy Ecol and an impact parameter b corresponding to a
motional channel M. The reduced mass of the ion-neutral
reacting system is

� =
mi � mn

mi + mn
. �18�

Their relative motion may be described by the classical
Langevin model. Considering the charge-induced dipole in-
teraction and the centrifugal energy of the orbital motion, the
long-range effective potential between the reactants in Joules
is

Veff�r� = −
1

2

1

4��0

qi
2�n

r4 + Ecol�b

r
�2

, �19�

r being the distance between the reactants in meters, q the
charge of the ion in Coulombs, � the isotropic polarizability
of the neutral in m3, Ecol the collision energy in Joules, and b
the impact parameter in meters. Taking as a capture criterium
the condition that the collision energy is sufficient to over-
come the barrier of the effective potential �Ecol
Veff

max� leads
to a critical impact parameter bc given by

bc
2 =	 qi

2�n

2��0Ecol
�20�

and the Langevin capture cross section

�c�Ecol� = �bc
2. �21�

For a given collision energy, it is assumed that a complex
with a finite lifetime is formed if the impact parameter is
below this critical value; else no complex is formed. The
complex lifetimes are considered to be much longer than any
period of an internal motion. This is taken as a justification to
use a phase space approach for calculating the reaction prob-
abilities and subsequently also the cross sections. In contrast,
direct transitions44 which might result from distant trajecto-
ries �b
bc� are neglected as well as radiative association
processes.

The classical orbital angular momentum L of the colli-
sion is given by L2=2�b2Ecol and is related to the quantum
orbital angular momentum l by L2= l�l+1��2. The maximum
classical orbital angular momentum Lmax and the maximum
quantum orbital angular momentum lmax for the formation of
a complex are thus given by

2�bc
2Ecol = Lmax

2 
 lmax�lmax + 1��2, �22�

lmax�lmax + 1� �
Lmax

2

�2 � �lmax + 1��lmax + 2� . �23�

Equation �23� discretizes the classical picture. It results that
the quantum orbital angular momentum l for a given colli-
sion energy Ecol can have equiprobable values in the range
0� l� lmax, that is,

W�l��,Ecol�
= �1 if l � lmax

0 if l 
 lmax.
� �24�

The charge of the ion and the polarizability of the neutral are
not explicited here since they are the same for all isotoplogs
but they are implicitly contained in lmax. This equation cor-
responds to the heavyside transmission function of Park and
Light �see Ref. 25, Eq. �43�� where the transmission between
a complex and reactants with a given orbital angular momen-
tum is constrained by the minimum collision energy neces-
sary, i.e., Ecol
Veff

max, while in our case, the transmission be-
tween a complex and reactants with a given collision energy
is constrained by the maximum orbital angular momentum
feasible defined with the condition Veff

max�Ecol.

2. Angular momentum conservation

The vectorial sum of the three rotational angular mo-
menta Ji, Jn, and l induces a total rotational angular momen-
tum Jtot as described by the first part of Eq. �15�. Its statisti-
cal weight, as derived with angular momentum algebra, is
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W�Jtot�Ji,Jn,l� = �2Jtot + 1� 

Jin=�Ji−Jn�

Ji+Jn



Jinl=�Jin−l�

Jin+l

�JtotJinl
, �25�

�JtotJinl
being the Kronecker delta. Given a collision energy,

the statistical weight of a total rotational angular momentum
is the sum of the previous weight over all possible motional
channels M, i.e., orbital angular momenta:

W�Jtot�Ji,Jn,�,Ecol�
= 


l=0

�

W�Jtot�Ji,Jn,l� � W�l��,Ecol�

= 

l=0

lmax

W�Jtot�Ji,Jn,l�, �26�

lmax being the maximum orbital angular momentum defined
in Eq. �23�.

3. Nuclear spin conservation

The hydrogen and deuterium nuclei must be considered
separately since they are distinguishable. The direct product
of the local nuclear spin symmetries �i and �n induces a total
nuclear spin symmetry �tot as decribed by the first part of
Eqs. �16� and �17� for hydrogen and deuterium nuclei, and
their pure nuclear spin statistical weights are given in Tables
III and IV, respectively. These weights can be derived from
the work of Quack,26, Park and Light,27 as well as, Oka28, yet
a more explicit method will be given in a forthcoming pub-
lication. They are directly used in the microcanonical model,

W��tot��i,�n� = W��i��n↑�tot�
. �27�

It is noteworthy that, according to the Frobenius reciprocity
principle, the statistical weight of an induction and its recip-
rocal subduction are equal,

W��i��n↑�tot�
= W��tot↓�i��n�. �28�

In the case of an o-H2D++HD→H3D2
+ collision, the hy-

drogen and deuterium components are

o-H2 + H → H3

S2 � S1↑S3

A � A↑�tot
H

,

D + D → D2

S1 � S1↑S2

A � A↑�tot
D

,

Sn being the permutation group of n identical nuclei. The
statistical weights for �tot

H and �tot
D are

W��tot
H ��i

H=A,�n
H=A� = �4 for �tot

H = A1

2 for �tot
H = E

� , �29�

W��tot
D ��i

D=A,�n
D=A� = �6 for �tot

D = A

3 for �tot
D = B

� . �30�

In the case of a m-D3
++p-H2→D3H2

+ collision, the total
hydrogen and deuterium symmetries are simply the local
symmetries of the neutral and ion reactants with statistical
weights

W��tot
H =B��i

H=�,�n
H=B� = 1, �31�

W��tot
D =A1��i

D=A1,�n
D=�� = 10. �32�

4. Overall complex formation probability

The total mass mtot and total energy Etot of the formed
complex are given by the first parts of Eqs. �13� and �14�.
For the total rotational angular momentum Jtot and the total
hydrogen and deuterium nuclear spin symetries �tot

H and �tot
D ,

the overall weight of a complex channel C given a reactant
channel �JN� and a collision energy Ecol is

TABLE III. Pure nuclear spin symmetry induction and subduction statistical
weights, W��i��n↑�tot�

=W��tot↓�i��n�, for several hydrogen systems.

H+H→H2

A B Total

A A 3 1 4
Total 3 1 4=22

H2+H→H3

A1 A2 E Total

A A 4 0 2 6
B A 0 0 2 2
Total 4 0 4 8=23

H3+H→H4

A1 A2 E F1
a F2

a Total

A1 A 5 0 0 3 0 8
A2 A 0 0 0 0 0 0
E A 0 0 2 6 0 8
Total 5 0 2 9 0 16=24

H2+H2→H4

A1 A2 E F1
a F2

a Total

A A 5 0 1 3 0 8
A B 0 0 0 3 0 0
B A 0 0 0 3 0 8
B B 0 0 1 0 0 8
Total 5 0 2 9 0 16=24

H3+H2→H5

A1 A2 G1 G2 H1 H2 I Total

A1 A 6 0 4 0 2 0 0 12
A1 B 0 0 4 0 0 0 0 4
A2 A 0 0 0 0 0 0 0 0
A2 B 0 0 0 0 0 0 0 0
E A 0 0 8 0 4 0 0 12
E B 0 0 0 0 4 0 0 4
Total 6 0 16 0 10 0 0 32=25

aThe symmetry labels F1 and F2 of S4 are inverted with respect to Refs. 26
and 27.
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W�C�J,N,Ecol�
= W�Jtot�Ji,Jn,�,Ecol�

� W��tot
H ��i

H,�n
H�

� W��tot
D ��i

D,�n
D� �33�

and its overall probability is

P�C�J,N,Ecol�
=

W�C�J,N,Ecol�


CW�C�J,N,Ecol�
. �34�

C. Complex decay

Consider a given complex channel C with a total mass
mtot, total energy Etot, total rotational angular momentum Jtot,
and total nuclear spin symmetries �tot

H and �tot
D for its hydro-

gen and deuterium nuclei.

1. Mass conservation

The accessible isotopic channels �mi� ,mn�� are con-
strained by the second equality of Eq. �13� and the feasible
reaction mechanisms. In the most simple approach corre-
sponding to the full-scrambling hypothesis and the weak er-
godic limit �see Sec. II E and Table V�, the weights are

W�mi�,mn��mtot�
= �1 if mi� + mn� = mtot

0 else
� . �35�

As an example, a D3H2
+ complex can decay to the fol-

lowing isotopic channels:

D3H2
+ → H2D+ + D2

→ D2H+ + HD

→ D3
+ + H2.

According to Eq. �35�, all possible isotopic channels are
considered with equal probability. However, as will be dis-
cussed below, different weights may be introduced account-
ing for accessible and inaccessible dissociative asymptotes of
the different product isotopologues. Therefore reaction
mechanism degeneracies have to be accounted for. The in-
troduction of these weights is moved to the end of this sec-
tion in order to proceed with the overall derivation of the
desired state-to-state rate coefficients.

TABLE IV. Pure nuclear spin symmetry induction and subduction statistical
weights, W��i��n↑�tot�

=W��tot↓�i��n�, for several deuterium systems.

D+D→D2

A B Total

A A 6 3 9
Total 6 3 9=32

D2+D→D3

A1 A2 E Total

A A 10 0 8 18
B A 0 1 8 9
Total 10 1 16 27=33

D3+D→D4

A1 A2 E F1
a F2

a Total

A2 A 15 0 0 15 0 30
A2 A 0 0 0 0 3 3
E A 0 0 12 30 6 48
Total 15 0 12 45 9 81=34

D2+D2→D4

A1 A2 E F1
a F2

a Total

A A 15 0 6 15 0 36
A B 0 0 0 15 3 18
B A 0 0 0 15 3 18
B B 0 0 6 0 3 9
Total 15 0 12 45 9 81=34

D3+D2→D5

A1 A2 G1 G2 H1 H2 I Total

A1 A 21 0 24 0 15 0 0 60
A1 B 0 0 24 0 0 0 6 30
A2 A 0 0 0 0 0 0 6 6
A2 B 0 0 0 0 0 3 0 3
E A 0 0 48 0 30 6 12 96
E B 0 0 0 0 30 6 12 48
Total 21 0 96 0 75 15 36 243=35

aThe symmetry labels F1 and F2 of S4 are inverted with respect to Refs. 26
and 27.

TABLE V. Microcanonical isotopic statistical weights of H2D++HD colli-
sions for the full-scrambling and hop limits as used in sec. II C 1. The
accessible dissociative asymptotes correspond to reaction mechanisms for
which the hydrogen and/or deuterium nuclei involved are specified.

Isotopic channel

Reaction mechanisms

Identity Transfer Exchange Totala

Full-scrambling limit

H3
++D2 0 0 1 D-H 1 �1�

H2D++HD 1 2 H 2 H-H 6 �1�
1 D-D

D2H++H2 0 1 D 2 H-D 3 �1�
Total 1 3 6 10

Hop limit

H nucleus locked in the center: Probability 2 /3
H3

++D2 0 0 0 0 �0�
H2D++HD 1 1 H 0 2 �1�
D2H++H2 0 0 0 0 �0�
Total 1 1 0 2

D nucleus locked in the center: Probability 1 /3
H3

++D2 0 0 0 0 �0�
H2D++HD 1 0 0 1 �1�
D2H++H2 0 1 D 0 1 �1�
Total 1 1 0 2

aIsotopic statistical weight for the strong ergodic limit. The number in pa-
renthesis corresponds to the weak ergodic limit which only accounts for the
accessibility of the channel.
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2. Nuclear spin conservation

Within a given isotopic channel, the accessible nuclear
spin channels are constrained by the subduction parts of Eqs.
�16� and �17� and the feasible reaction mechanisms.28 Ac-
cording to the Frobenius reciprocity principle, the statistical
weights for the induction and subduction of a total symmetry
�tot for both hydrogen and deuterium nuclei are equal as
stated in Eq. �28�. However, since the rotational states corre-
late with the nuclear spin symmetries as pointed out in Sec.
II A 1, the full-scrambling statistical weight of the products’
local symmetries �i� and �n� emerging from a total symme-
try �tot for both hydrogen and deuterium nuclei are taken as

W��i�,�n���tot�
=

W��tot↓�i���n��

dim��i�� � dim��n��
, �36�

where the numerator is the pure nuclear spin subduction sta-
tistical weight given in Tables III and IV and the denomina-
tors are the dimensions of the products’ nuclear spin repre-
sentations given in Table II.

In the case of a D4H+ complex with �tot
D =F2, the acces-

sible and inaccessible isotopic and nuclear spin channels are

D4H+��tot
D = F2� →o-D2H+ + p-D2

p-D2H+ + o-D2

p-D2H+ + p-D2

yo-D2H+ + o-D2

→o-D3
+ + HD

p-D3
+ + HD

ym-D3
+ + HD,

with the deuterium nuclear spin statistical weights of, i.e., the
D3

++HD isotopic channel

W�E,A�F2� = 3, �37�

W�A2,A�F2� = 3, �38�

W�A1,A�F2� = 0. �39�

Note that Eq. �36� ensures that the high-temperature sta-
tistics are consistent with the pure nuclear spin statistics.
Indeed, in the high-temperature limit �i.e., infinite energy and
orbital angular momentum�, all the internal states of an iso-
topic channel are accessible irrespective of their energy and
rotational angular momentum such that

W��i�,�n���tot�
� � 


J���i�



N���n�

W��i�,�n���tot�

� Nrve��i�� � Nrve��n�� � W��i�,�n���tot�
�40�

and given Eq. �11�, we find

W��i�,�n���tot�
� � dim��i�� � dim��n�� � W��i�,�n���tot�

� W��tot↓�i���n��
. �41�

Regarding the previous example, the ratios of the high-
temperature statistical weights of the nuclear spin channels
of D3

++HD are

W�A1�F2�
� :W�A2�F2�

� :W�E�F2�
� = 0:3:6, �42�

which agrees as expected with the deuterium statistical
weights of D3

++D emerging from �tot
D =F2 �see Table IV�.

3. Energy conservation

Within a given isotopic and nuclear spin channel, the
accessible rotational channels are constrained by the second
equality of Eq. �14�. A rotational channel with its vibrational
and rotational energies Ei�

v , Ei�
r , En�

v , and En�
r may only be

accessed if the complex has enough total energy which we
can translate with the energy statistical weight45

W�E
i�
v ,E

i�
r ,E

n�
v ,E

n�
r �Etot�

= �1 if Ecol� � 0

0 else,
� �43�

with Ecol�=Etot−Ei�
v +Ei�

r +En�
v +En�

r the relative kinetic en-
ergy of the products’ motional channel.

4. Angular momentum conservation

Moreover, only the motional channels M� whose kinetic
energy is superior to the maximum of the effective potential
of the exit channel are accessible. Conversely, the barrier of
the effective potential should be lower than the products’
relative kinetic energy �Veff�

max
�Ecol��. As developed in

Sec. II B 1, this condition leads to the statistical weight

W�l����,Ecol��
= �1 if l� � lmax�

0 if l� 
 lmax� ,
� �44�

with lmax� defined as in Eq. �23�.
The rotational angular momentum statistical weight of a

product channel �J�N�� is obtained by summing over all
accessible motional channels M�, i.e., orbital angular mo-
menta l�:

W�Ji�,Jn�,��,Ecol��Jtot�
= 


l�=0

lmax�

W�Ji�,Jn�,l��Jtot�
, �45�

where W�Ji�,Jn�,l��Jtot�
is the statistical weight of an angular

momentum channel �Ji� ,Jn� , l�� given a total rotational angu-
lar momentum Jtot. This weight describing the subduction
part of Eq. �15� can be straightforwardly inferred from its
reciprocal induction �Eq. �25�� using the Frobenius reciproc-
ity principle:

W�Ji�,Jn�,l��Jtot�
= W�Jtot�Ji�,Jn�,l��. �46�

5. Overall decay probability

The overall weight of a product channel �J�N�� given a
complex channel C is

W�J�,N��C� = W�mi�,mn��mtot�
� W��

i�
H,�

n�
H ��tot

H � � W��
i�
D,�

n�
D ��tot

D �

� W�E
i�
v ,E

i�
r ,E

n�
v ,E

n�
r �Etot�

� W�Ji�,Jn�,��,Ecol��Jtot�

�47�

and its probability is
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P�J�,N��C� =
W�J�,N��C�


J�,N�W�J�,N��C�
. �48�

D. State-to-state cross sections and thermal rate
coefficients

The state-to-state cross sections for a given collision en-
ergy Ecol are obtained by distributing the Langevin cross sec-
tion �Eq. �21�� among the product channels according to

�JN→J�,N��Ecol� = �c�Ecol� � P�J�,N��J,N,Ecol�
, �49�

where the state-to-state reaction probabilities are obtained
from the reactants-to-complex and complex-to-products
state-detailed probabilities summed over all intermediate
complex channels:

P�J�,N��J,N,Ecol�
= 


C
P�J�,N��C� � P�C�J,N,Ecol�

. �50�

Equations �34� and �48� show that the normalization

J�N�P�J�,N��J,N,Ecol�

=1 is automatically fulfilled.

In thermal environments, the motions of the reactants, J
and N, in the laboratory frame exhibit Maxwell–Boltzmann
velocity and energy distributions. Based on the properties of
the Gaussian distributions representing the reactants in the
laboratory frame, the distributions of the relative velocity vcol

and energy Ecol in the center-of-mass frame are also
Maxwell–Boltzmann with the reduced mass �,

P�vcol�T� = 4�� �

2�kT
�3/2

vcol
2 e−�vcol

2 /2kT, �51�

P�Ecol�T� = 4�� �

2�kT
�3/22Ecol

�
e−Ecol/kT. �52�

The reaction probabilities have been calculated in the center-
of-mass frame. The state-to-state thermal rate coefficients are
obtained from the definition k=�vcol ·��vcol� · P�vcol� ·dvcol

and in the energy domain using the substitutions
vcol=	2Ecol /� and dvcol /dEcol= �2�Ecol�−1/2. As a result the
thermal state-to-state rate coefficients, kJN→J�N��T�, are
given by

kJN→J�N��T� = �
vcol=0

�

vcol � �JN→J�N��vcol� � P�vcol�T� � dvcol

= �
Ecol=0

� 	2Ecol

�
� �c�Ecol� � P�J�,N��J,N,Ecol�

� P�Ecol�T� �
dvcol

dEcol
� dEcol

= �
Ecol=0

� 	2Ecol

�
� �	 �q2

2��0Ecol
� P�J�,N��J,N,Ecol�

� 4�� �

2�kT
�3/22Ecol

�
e−Ecol/kT �

1
	2�Ecol

� dEcol

= kL � �
Ecol=0

�

P�J�,N��J,N,Ecol�
�

2
	��kT�3

	Ecole
−Ecol/kTdEcol,

with the Langevin rate coefficient being

kL =	��q2

��0
. �53�

The state-to-state thermal rate coefficients are properly nor-
malized since they verify

kJN�T� = 

J�N�

kJN→J�N��T� = kL. �54�

Based on the above described procedure, state-to-state
rate coefficients have been calculated for simulating low-
temperature laboratory experiments as discussed below and
for simulating H3

+ and its isotopologues in interstellar
environments.38 As pointed out above in Sec. II C 1, the pos-
sible reaction mechanisms as well as the proper implemen-
tation of the ergodic principle will influence the results.
Therefore a set of different approaches is discussed prior to
applications of the microcanonical rate coefficients.

E. Ergodic principle and reaction mechanisms

PST is based on the equiprobability principle; it is a
simple thus convenient theory to describe systems but it is
only a good approximation in the ergodic limit which con-
siders the microcanonical population as fully relaxed to an
equilibrium state in the complexes’ PES. As a consequence, a
complex channel forgets its history and the decay probabili-
ties are independent of the reactants’ channels. Such collision
process can therefore be described microscopically as a
memoryless Markov chain �JNM�→C→ �J�N�M�� and
be decomposed in the complex formation and complex decay
as done here. In this statistical approach, a weight has to be
assigned to each isotopic channel. If nothing is known on the
number of possible pathways to link a reactant channel with
a product channel, a statistical weight of 1 may be associated
to an accessible isotopic channel while a weight of 0 is as-
sociated to an inaccessible isotopic channel. This implemen-
tation of the ergodic principle is called the weak ergodic
limit. In the strong ergodic limit, the statistical weight of an
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isotopic channel is given by its number of accessible disso-
ciative asymptotes, i.e., the degeneracy of reaction mecha-
nisms leading to this isotopic channel. The statistical weights
introduced in Sec. II C 1, and consequently the microcanoni-
cal rate coefficients derived above for the H5

+ isotopic system
will thus depend on �i� the weak or strong ergodic limit con-
sidered as well as on �ii� the feasible reaction mechanisms
constrained by the PES.

The H5
+ considered here is a peculiar system because on

the sole consideration of its PES, any entrance channel can
potentially access all 5! /3!2!=10 dissociative asymptotes.
Its configuration of minimum energy on the PES consists of
a H3 and a H2 moiety with the charge localized on the central
nucleus �see Fig. 2�. The two relevant internal motions for
nuclear rearrangement are the central nucleus hop with an
extremely shallow barrier and the in-plane rotation of the H3

moiety with a more consequent yet submerged saddle point.
Upon the internal rotation, also shown in Fig. 2, the positions
of the two outer nuclei of the H3 moiety or those of the H2

moiety are rearranged. This internal motion cannot promote
any modification of the H3 and H2 moieties; therefore it can
be ignored in the current treatment and the 5!=120 different
minimum energy arrangements are grouped by 2!2!=4 into
30 quartets. As depicted in Fig. 3, the 30 quartets of arrange-
ments are connected to the ten dissociative asymptotes and
interconnected by the two relevant internal motions, forming
a map in which the microcanonical population can evolve.
We discuss two limiting cases to which we refer as �i� full-
scrambling and �ii� hop, neglecting possible centrifugal dis-
tortion of the PES and the fact that isotopic substitution in
H5

+ breaks the symmetry of the PES,21 potentially favoring
some particular arrangements.

�i� If both internal motions �hop and in-plane rotation�
can proceed efficiently with respect to the dissociation
events, the microcanonical population will visit all
120 minimum energy arrangements of the PES corre-
sponding to the full-scrambling limit. Consequently,
the complex can probe equally all ten dissociative as-
ymptotes, depicted in Fig. 3. These asymptotes are
denoted as one identity, three transfer, and six ex-

change reaction mechanisms when entering as reac-
tants �abc+de� at the top of Fig. 3.

�ii� If the in-plane rotation of the H3 moiety is dynami-
cally hindered and only the central nucleus hop can
proceed efficiently during the complex lifetime, the
central nucleus is locked and the microcanonical
population will be equally distributed in two local
wells of the PES corresponding to the entrance ar-
rangement �abc+de� and its arrangement connected
by the central nucleus hop. In this hop limit, the com-
plex can probe only two dissociative asymptotes cor-
responding to one identity and one transfer but no
exchange reaction mechanism.

As an example, the microcanonical isotopic statistical
weights introduced in Sec. II C 1 are given in Table V for the
H2D++HD collision for the two limiting cases of full scram-
bling and hop. In case of full scrambling, i.e., the product
channel H3

++D2 is accessible via one exchange reaction, the
H2D++HD channel occurs on six accessible asymptotes, and
the D2H++H2 channel has three possibilities. Correspond-
ingly, the statistical weights in the strong ergodic limit are
1:6:3 �see right side of table� and in the weak ergodic limit
they are 1:1:1. In the following sections, the strong ergodic
limit is considered if not stated otherwise. Comparison of the
full scrambling and the hop limits to experimental data will
give some first semiquantitative insight into the role of dy-
namical restrictions and reaction mechanisms.

FIG. 2. �Color online� Schematic of the H4D+ PES according to calculations
on H5

+ �Refs. 19–21�. The minimum energy configuration consist of a H3
+

triangle entity and a H2 entity, the charge being localized on the central
nucleus. Saddle points for three internal motions are represented as well as
the asymptotes for the two isotopic channels. They differ in energy because
of zero-point rotational and vibrational energies.

FIG. 3. �Color online� Map of minimum energy arrangements of a H5
+ iso-

topic complex. A quartet of arrangements is labeled as ab.c/de with a and b
the two outer nuclei of the H3 moiety, c the central nucleus belonging to the
H3 moiety, and d and e the two nuclei of the H2 moiety. The 30 quartets of
arrangements are interconnected by the H3 moieties’ in-plane rotation �lines
within each shade� and the central nucleus hop �lines between shades� in-
ternal motions. Each of the ten dissociative asymptotes �shades� is con-
nected to three quartets of arrangements. The one identity, three transfer and
six exchange reaction mechanisms are attributed to the dissociative asymp-
totes assuming �abc+de� is the entrance channel.
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III. RESULTS

A. Thermal rate coefficients

The outcome of the calculation is a set of several thou-
sands of state-to-state thermal rate coefficients, at present in
the temperature range 5–50 K. An example is given in Fig. 4
illustrating an Arrhenius plot of the main state-to-state rate
coefficients for p-H2D+�JKaKc

=000�+o-H2�J=1� collisions.
Elastic, inelastic, as well as reactive collisions are accounted
for. Collisions accessing endoergic states show an Arrhenius
behavior with an activation energy very close to the endoer-
gidicity while reactions to exoergic states are quasitempera-
ture independent. Based on the observed temperature depen-
dence it is well justified to parametrize the rate coefficient as
k=� ·e−
/T. Such temperature behaviors are also found for
the inelastic state-to-state rate coefficients for the para and
ortho ground transitions of H2D+ and D2H+ in collsions with
para- and ortho-H2 given in Table VI. These rate coefficients
are of particular interest for the modeling of astronomical
observations.

We note that our results agree with the ground state-to-
nuclear spin species thermal rate coefficients of the H3

++H2

system at 10 K calculated by Park and Light25 within 3% of
their given accuracy. These rates are defined according to

kJN→�i��n�
�T� = 


J���i�



N���n�

kJN→J�N��T� . �55�

Regarding the greater details they accounted for, we con-
clude that in this temperature range, spectroscopic accuracy
of the energy levels, charge-dipole and charge-quadrupole
interactions,46 tunneling, and above-barrier reflections as
well as parity conservation do not affect the rate coefficients
significantly and can thus be safely neglected.

B. Microcanonical and canonical approaches

In order to test the microcanonical model, we compared
the calculated set of state-to-state thermal rate coefficients to
thermodynamical equations by the intermediate of a state-
detailed master equation.

1. State-detailed master equation

Consider an ensemble of H3
+ isotopologues in a given H2

isotopic environment with respective state populations �J�
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FIG. 4. �Color online� Main state-to-state thermal rate coefficients for the
p-H2D+�JKaKc

=000�+o-H2�J=1� collisions. The product channels are repre-
sented with different lines according to their isotopic-nuclear spin modifi-
cations. Rates for endoergic channels show an Arrhenius behavior while
those for exoergic channels are quasitemperature independent.

TABLE VI. Inelastic state-to-state rate coefficients for the ortho and para
ground transitions of H2D+ and D2H+ in collisions with para- and ortho-H2

according to strong ergodicity. The rates are given in the form k=�e−
/T.
The � �cm3 s−1� and 
 �kelvin� coefficients were fitted in the temperature
range 5–15 K. The Einstein coefficients for spontaneous emission Aul �s−1�
�Ref. 34� and the critical densities nc=Aul /kul �cm−3� of the transitions for
p-H2 dominated environments are also given.

Reactants Products

�Ea

Rate coefficient

ion H2 ion H2 �b 


p-H2D+ �000↔101� at 1.370 THz

p-000 p-0 p-101 p-0 −66 1.48�−9� 65.24
p-000 o-1 p-101 o-1 −66 5.35�−10� 63.43
p-101 p-0 p-000 p-0 +66 4.91�−10� −0.24
p-101 o-1 p-000 o-1 +66 1.96�−10� −0.93

A=4.0397�10−3 nc�8�106

o-H2D+ �111↔110� at 372 GHz

o-111 p-0 o-110 p-0 −18 9.41�−10� 17.88
o-1 −188 3.20�−10� 186.80

o-111 o-1 o-110 p-0 +152 4.36�−11� −0.56
o-1 −18 6.47�−10� 17.66

o-110 p-0 o-111 p-0 +18 9.36�−10� −0.17
o-1 −152 3.69�−10� 150.74

o-110 o-1 o-111 p-0 +188 3.71�−11� −0.03
o-1 +18 6.43�−10� −0.21

A=1.2186�10−4 nc�1.3�105

p-D2H+ �101↔110� at 692 GHz

p-101 p-0 p-110 p-0 −33 9.13�−10� 33.07
o-1 −203 2.89�−10� 198.35

p-101 o-1 p-110 p-0 +137 6.89�−11� −1.43
o-1 −33 6.35�−10� 31.69

p-110 p-0 p-101 p-0 +33 9.07�−10� −0.14
o-1 −137 5.72�−10� 133.26

p-110 o-1 p-101 p-0 +203 4.05�−11� −0.81
o-1 +33 6.70�−10� −0.84

A=5.0911�10−4 nc�5.6�105

o-D2H+ �000↔111� at 1.476 THz

o-000 p-0 o-111 p-0 −71 1.32�−9� 69.44
o-1 −241 3.25�−10� 232.39

o-000 o-1 o-111 p-0 +99 1.21�−10� −1.25
o-1 −71 9.51�−10� 68.06

o-111 p-0 o-000 p-0 +71 4.72�−10� −0.24
o-1 −99 3.84�−10� 98.17

o-111 o-1 o-000 p-0 +241 1.78�−11� −1.04
o-1 +71 3.66�−10� −0.73

A=3.3031�10−3 nc�7�106

aInternal energy difference in Kelvin.
bThe format a�−b� represents a�10−b.
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and �N� in cm−3. The fluxes of populations can be described
by a set of differential equations corresponding to a state-
detailed chemical master equation. Within the dilute limit,
i.e., the assumption that the ions are much less abundant than
the neutrals �
J�J��
N�N��, the populations of the H3

+ iso-
topologues evolve on a much shorter time scale than the
neutral environment’s populations; hence the populations of
the neutrals are almost unaffected by the ionic ensemble.
Consequently, the master equation can be decomposed in �i�
an ionic part assuming a static environment and �ii� a neutral
part considering the ionic ensemble in pseudoequilibrium
with the environment itself.

The master equation describing the fluxes of populations
of the ionic ensemble is defined by

d�J�
dt

= 

J�

�J��RJ�→J − �J�

J�

RJ→J�, �56�

the first and second terms respectively representing the in-
flow and outflows of the ion state J from/to the other ion
states J�. The elements RJ→J� are conversion rates in s−1

defined as

RJ→J� = 

N



N�

�N�kJN→J�N��T� , �57�

with �N� the neutral states’ populations here considered as
constant. They correspond to given isotopic enrichments
�HD� / �H2� and �D2� / �H2�, o/p ratios of H2 and D2, and a
rotational temperature Trot. Only bimolecular processes with
N as a collision partner are considered. The state-to-state
thermal rate coefficients are those corresponding to the ki-
netic temperature of the neutral environment Tkin. Contrarily
to the nuclear spins �o/p ratios�, the rotational and kinetic
degrees of freedom are often very well thermalized; therefore
we considered a single temperature T.

The steady-state populations �J�ss of the H3
+ isotopo-

logues which are solution to the set of equations d�J� /dt
=0 can be easily obtained through diagonalization of the
RJ matrix consisting of the RJ→J� elements. Furthermore,
the master equation describing the population fluxes of the
neutral environment is defined by

d�N�
dt

= 

N�

�N��RN�→N − �N�

N�

RN→N�, �58�

with the conversion rates RN→N� of the RN matrix defined as

RN→N� = 

J



J�

�J�sskJN→J�N��T� . �59�

2. Thermal equilibrium

Consider the following exothermic reaction with forward
and backward rate coefficients kf and kb,

A + B�
kb

kf

C + D + �E0. �60�

The canonical equilibrium constant K at a temperature T
given by statistical mechanics30,47,48 is

K�T� =
kf

kb
=

g�

g
���

�
�3/2QCQD

QAQB
exp�− �E0

kT
� , �61�

where � and �� are the reduced masses of A+B and
C+D,respectively, and �E0 is the zero-point energy differ-
ence. The terms g and g� were added with respect to prior
publications. These canonical isotopic statistical weights cor-
respond to the degeneracies of the backward and forward
reaction mechanisms. They are a consequence of the statis-
tical weights used in the microcanonical description. These
weights are given in Table VII. It is obvious that, for ex-
ample, the g :g� ratio of the H3

++D2�D2H++H2 reaction is
1:3 in the strong ergodic and full-scrambling limit, because
there are three ways to pick a H from three H but only one to
form H3

++D2.
The Q in Eq. �61� are the partition functions of the spe-

cies at the temperature T defined by

QA�T� = 

i

NAi
�T� , �62�

NAi
�T� = gi exp�− Ei/kT� , �63�

with NAi
the population of the ith state of species A, gi its

nuclear spin and rotational degeneracy, and Ei its energy. It
should be reminded that Eq. �61� describes thermal equilib-
rium only, when all the species are effectively internally and
kinetically Boltzmann distributed. The equilibrium constants
of the eight isotopic reactions are plotted in Fig. 5 using the
strong ergodicity principle and the full-scrambling hypoth-
esis. It is noteworthy that every equilibrium constant seems
to converge to unity at infinite temperature. Moreover, on the
whole temperature range 5–300 K, i.e., from the low toward
the high-temperature limit,48 we observe the strict equalities

K1

K2
=

K3

K4
=

K6

K7
and

K3

K6
=

K5

K8
, �64�

with Ki the equilibrium constant of reaction �i� ��i� as in Fig.
5�. Those unexpected relations might be explained by sym-
metric isotopic substitutions yet they are nonintuitive since
they involve vibrational energies, rotational constants, and

TABLE VII. Canonical isotopic statistical weight g :g� of the eight isotopic
reactions for the full-scrambling �FS� and the hop limits used in Eq. �61�. In
the weak �W� ergodic limit, only accessibility of an isotopic channel is
accounted for. In the strong �S� ergodic limit, the dissociative asymptotes are
counted.

Reactants Products

FS Hop

S W Sa W

H2D+ D2 D3
+ H2 3:1 1:1 3:1 1:1

H3
+ D2 D2H+ H2 1:3 1:1 1:3 1:1

D2H+ HD D3
+ H2 6:1 1:1 0:0 0:0

H3
+ HD H2D+ H2 4:6 1:1 2:3 1:1

H2D+ HD D2H+ H2 6:3 1:1 2:1 1:1
D2H+ D2 D3

+ HD 6:4 1:1 3:2 1:1
H3

+ D2 H2D+ HD 1:6 1:1 0:0 0:0
H2D+ D2 D2H+ HD 3:6 1:1 1:2 1:1

aAveraged values assuming the three nuclei of the H3
+ isotopologue can

equiprobably lock in the center of the complex.
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densities of states as well as nuclear spin selection rules and
degeneracies.

The canonical equilibrium constant is also related to the
chemical equilibrium �steady-state populations or number
densities� by

K�T� =
�C�ss�D�ss

�A�ss�B�ss
. �65�

The canonical balance corresponding to Eqs. �61� and
�65� can be transposed to specific internal states of the spe-
cies resulting in the detailed balance. Although it also holds
for reactive collisions, this principle is mostly known for
nonreactive, inelastic collisions, i.e., with �A ,B�= �C ,D�,
�E0=0, �=��, and g=g�:

Ai + Bj�
kb

kf

Ai� + Bj�, �66�

K�T� =
kf

kb
=

NAi
NBj

NAi�
NBj�

�67�

=
�Ai��ss�Bj��ss

�Ai�ss�Bj�ss
. �68�

3. Comparison and analysis

Steady-state populations of the H3
+ isotopologues were

obtained by solving the master equation for various thermal
and nonthermal neutral environments �Eqs. �56� and �57��.
These populations are compared to thermal populations de-
rived according to the canonical balance �Eqs. �61� and �65��
and the detailed balance �Eqs. �67� and �68��. We present
here a sample of results.

The purely hydrogenated and deuterated systems were
first simulated by employing a pure thermal H2 or D2 envi-
ronment at various temperatures. As shown in Fig. 6 for the
purely deuterated system, D3

++D2, the master equation ren-
ders thermalized D3

+ steady-state populations thereby con-
firming that the set of state-to-state thermal rate coefficients

fulfills the isotopically nonreactive detailed balance �Eq.
�67��. Note that an isotopically nonreactive collision can still
be reactive in the sense of homonuclear exchange.

We also simulated environments at different tempera-
tures with terrestrial and cosmic deuterium abundances, i.e.,
HD /H2=3.2�10−4 and 3.2�10−5, respectively, neglecting
D2. The o/p ratio of H2 was set as thermal or fixed between
its high-temperature limit of 3 down to 10−7. As an example,
the steady-state H2D+ /H3

+ isotopic ratio is shown in Fig. 7.
The deuterium fractionation in thermal o/p-H2 environment
increases sharply toward low temperatures as suggested by
the equilibrium constant of reaction �4� in Fig. 5 which is
governed by the endothermicity. For a fixed superthermal o/p
ratio of H2, the H2D+ /H3

+ ratio levels off to a maximum
value since the quantity of o-H2 dominates the back reaction
with its 170 K internal energy irrespective of the tempature
and the endothermicity. The role of o-H2 and the lowest

0

2

4

6

8

10

12

0 5 10 15 20

50 30 20 15 12 10 9 8 7 6 5
lo

g 1
0

K

100 / T (K-1)

Temperature (K)

(1) (2) (3) (4) (5) (6) (7)

(8)

(1) H2D+ + D2 ↔ D3
+ + H2

(2) H3
+ + D2 ↔ D2H+ + H2

(3) D2H+ + HD ↔ D3
+ + H2

(4) H3
+ + HD ↔ H2D+ + H2

(5) H2D+ + HD ↔ D2H+ + H2
(6) D2H+ + D2 ↔ D3

+ + HD
(7) H3

+ + D2 ↔ H2D+ + HD
(8) H2D+ + D2 ↔ D2H+ + HD

FIG. 5. �Color� Equilibrium constants �Eq. �61�� of the eight isotopic reac-
tions with the full-scrambling limit and the strong ergodicity principle.

10-6

10-5

10-4

10-3

10-2

10-1

100

0 5 10 15 20

50 30 20 15 12 10 9 8 7 6 5

D
3+

po
pu

la
tio

ns

100 / T (K-1)

Temperature (K)

m-00

o-11

p-10o-22o-21

m-20

m-33
p-33

o-32o-31
o-44

p-30

FIG. 6. �Color online� Populations of the 12 lowest rotational levels of D3
+.

Solid lines are thermal populations and crosses are the steady-state popula-
tions in a thermal D2 environment derived from the master equation using
the set of state-to-state rate coefficients.
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indicates a decreasing o/p ratio of H2. The points are experimental results
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164302-13 H3
++H2 isotopic system J. Chem. Phys. 130, 164302 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



o-H2D+ rotational states has already been discussed qualita-
tively by Gerlich et al.18 On the contrary, a subthermal
o/p-H2 ratio leads to a higher H2D+ /H3

+ ratio since the back
reaction is then governed by p-H2 and its larger endoergicity.
The H2D+ /H3

+ as well as the D2H+ /H2D+ and D3
+ /D2H+ �the

latter two not shown in Fig. 7� steady-state ratios in the ther-
mal o /p-H2 environment are all consistent with the canonical
equilibrium constants of reactions �4�, �5�, and �3� in Fig. 5,
respectively. Moreover, each H3

+ isotopologue is well ther-
malized internally.

We thereby show that the calculated state-to-state ther-
mal rate coefficients fulfill the canonical and detailed balance
within a few per thousand according to the full-scrambling
hypothesis and the strong ergodicity principle. These results,
which are observed for the weak and strong ergodic limits,
demonstrate that the microcanonical model is consistent with
the canonical description. While this result is gratifying,
simulating experimental results or astrophysical observations
with the state-to-state rate coefficients is posing a more seri-
ous test to the microcanonical model.

IV. EXPERIMENTAL SECTION

A. 22-pole ion trap apparatus

To study the H3
++H2 isotopic system, we extended the

measurements described by Gerlich et al.18 using the same
apparatus depicted in Fig. 8. The core of the setup, the tem-
perature variable 22-pole ion trap, has been described in de-
tail elsewhere.49,50 It is enclosed in stainless steel walls
which are mounted on a closed cycle helium refrigerator. The
temperature of these walls, monitored by two silicon diodes,
can range from �300 K down to 13.0	0.5 K.

H3
+ parent ions are produced in a storage ion source by

electron bombardment of n-H2 and pulsed via a first quadru-
pole mass filter into the 22-pole ion trap. There, the ion cloud
is exposed to a constant density of reactant gas �HD or H2

with natural traces of HD� thermalized to the surrounding
walls. Additionally, pulsed or constant He gas can be admit-
ted to the trap. The gas number densities were accurately
determined with a pressure ion gauge calibrated against a
spinning rotor gauge prior to the measurements and were
kept below 1013 cm−3 in order to avoid ternary association.51

After a storage period of 10–1000 ms, the ions are extracted,
mass selected in the second quadrupole mass filter, and
counted in a Daly-type ion detector.

The storage cycle is repeated for several trapping times
counting the H3

+, H2D+, D2H+, or D3
+ products. As illustrated

in Fig. 9, we obtain the time evolution and steady-state popu-
lations of each isotopologue from which we can fit reaction
rate coefficients using a standard system of differential equa-
tions.

Prior to its introduction into the trap, the H2 reactant gas
could be flown through a p-H2 generator in order to catalyze
the conversion of ortho-H2 into para-H2. This converter con-
tains a paramagnetic compound �Fe2O3 powder� confined in
a copper block mounted onto a closed cycle helium refrig-
erator. The temperature of the catalyst was measured by a
silicon diode mounted on the copper block and could be
tuned in the range 11–50 K in order to vary the o/p ratio of
the outflowing H2 down to 8�10−3. The o/p ratio was cali-
brated with an accuracy of 20% in the 22-pole ion trap using
the proton abstraction reaction N++H2→NH++H as de-
scribed in Ref. 52. We also monitored in situ the HD content
of natural H2 using a H2O+ beam and the proton �deuteron�
abstraction reactions

FIG. 8. �Color online� Schematic of the trapping apparatus. The H3
+ ions are

produced in the storage ion source and pulsed through the quadrupole mass
filter 1 into the 22-pole ion trap. This trap, consisting of 22 electrodes
forming a cylindrical structure, is mounted on a closed cycle helium refrig-
erator. On entrance, the ions are cooled down to the ambient temperature by
a short intense pulse of He atoms. During the storage period of
10–1000 ms, the ions are subject to a constant density of H2 or HD reactant
gas. The result of the interaction is detected by extracting the stored ion
cloud through the quadrupole mass filter 2 and counting the number of
product ions in the detector.
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FIG. 9. �Color online� Sequential deuteration of H3
+ in HD with a number

density of 6.3�1010 cm−3 at a nominal temperature of 13.5 K. Due to the
exothermicity of the reaction chain, a constant number density of helium of
about 6�1012 cm−3 has been applied to ensure full thermalization of all
reactants. The lines are the solutions of a rate equation system fitted
to the experimental data yielding rates of 1.30�10−9, 1.30�10−9, and
1.05�10−9 cm3 s−1 for the deuteration of H3

+, H2D+, and D2H+, respectively.
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H2O+ + H2 → H3O+ + H, �69�

H2O+ + HD → H3O+ + D 0.57 �70�

→H2DO+ + H 0.43, �71�

with the given branching ratios determined in situ using pure
HD target gas. In experiments with unprocessed n-H2, we
obtain the product ratio H2DO+ /H3O+=1.1�10−4. Assum-
ing that both reactions with H2 and HD proceed with the
Langevin rate, that is,

kH2O++HD

kH2O++H2

=	�H2O++H2

�H2O++HD
= 0.837, �72�

we derive a HD fraction of 3.1�10−4 which corresponds to
the expected terrestrial deuterium hydride abundance. How-
ever, when starting the converter, the HD content of the pro-
cessed H2 was depleted by about one order of magnitude
caused apparently by isotopic preferential freezing on the
cold catalyst.53 After some hours of operation, the terrestrial
fraction was approached again. Therefore, to ensure the ter-
restrial HD fraction in the outflowing p-H2, the converter
was run 1 day prior to the experiments. In summary, great
care has been taken to accurately determine the number den-
sities of the neutral reaction partners as has been pointed out
by Gerlich et al.32

B. Deuteration rates with HD

We measured the deuteration rate coefficients of H3
+,

H2D+, and D2H+ with HD between 13 and 210 K in the
presence of helium buffer gas ��He�� �HD��. The target gas
HD has been purchased from Cambridge Isotope Laborato-
ries, Inc., which specify the purity of the deuterium hydride
to be 97%, the rest mainly being H2 and D2. The results are
compiled in Fig. 10 together with previously published val-
ues. Our results are in good agreement with those of Adams
and Smith29 and Giles et al.30 showing systematic tempera-
ture dependencies overlapping in the common temperature
range. The low-temperature rate coefficients from Gerlich
et al.18 are systematically lower than ours by a factor of �4.
This important difference needs some special attention later.

All the rate coefficients approach the Langevin value at
low temperature. At 300 K, �i� the deuteration rate coeffi-
cient of H3

+ is still very fast, �ii� the deuteration rate coeffi-
cient of H2D++HD drops by a factor of 2–3 between
10 and 300 K, and �iii� the deuteration rate coefficient of
D2H++HD drops by one order of magnitude over the same
temperature range. Contributions from D2 contaminations
��1.5% � in HD do not change these findings. These trends
are all consistent with the departure from the full-scrambling
to the hop limit toward high temperatures. Indeed, in the hop
limit when one nucleus of the H3

+ isotopologue locks in the
center of the complex, �i� the deuteration of H3

+ can still
proceed on every collision, �ii� the deuteration of H2D+ can
only proceed when the deuterium nucleus is locked in the
center, i.e., with an upper limit for the rate coefficient of
�kL /3, and �iii� the deuteration of D2H+ would be unfeasible
under these circumstances, i.e., the rate coefficient would

practically approach zero. However, direct mechanisms with-
out complex formation may have to be considered at higher
energies. This interpretation of the current observation is in
qualitative agreement with the experimental results from
Cordonnier et al.31 on the H3

++H2 system at �400 K also
showing an incomplete scrambling. They derived statistical
weights for the transfer:exchange reaction mechanisms of
2.4:1 which are in between the full-scrambling and hop lim-
its with statistical weights for the identity:transfer:exchange
reaction mechanisms of 1:3:6 and 1:1:0, respectively.

The presented experiments yield species-to-species rate
coefficients without any information on the internal state dis-
tributions of the H3

+ isotopologues. In order to compare them
with theory, we overlaid in Fig. 10 the calculated species-to-
species rate coefficients for the H3

+ isotopologues’ para and
ortho nuclear spin modifications, assuming each para and
ortho reactants are internally thermalized by the dominant
helium buffer gas. The rates are shown according to the weak
and strong ergodic limits. The deuteration rate coefficients of
H3

+ and H2D+ are more or less state independent of the
nuclear spin modification and they are in very good agree-
ment with the measured rates irrespective of the ergodic limit
used. The same observation holds for the deuteration rate
coefficients of D2H+ based on the weak ergodic limit while
those based on the strong ergodic limit are lower, almost by
a factor of 2 with a more pronounced drop towards higher
temperatures.
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FIG. 10. �Color� Deuteration rate coefficients of H3
+, H2D+, and D2H+ with

HD. The data points are experimental values corresponding to Gerlich et al.
�Ref. 18� �circles�, Adams and Smith �Ref. 29� �triangles�, Giles et al. �Ref.
30� �crosses�, and this work �squares�. The upmost lines show the Langevin
limits. The short lines are the species-to-species rate coefficients of the H3

+

isotopologues’ para and ortho modifications with HD calculated with the
full-scrambling hypothesis for the weak �green� and strong �red� ergodicity
principles.
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C. Steady state in H2„HD…

Another critical test for any theoretical determination of
state-to-state rate coefficients is the steady-state isotopic
fractionation of H3

+. It is also a crucial parameter for the
deuterium astrochemistry in cold molecular
environments10,15,38 which can be derived from astronomical
observations. As a result, it can be considered a benchmark
for comparison between theory, experiment, and observation.

The steady-state H2D+ /H3
+ ratio has been measured in

H2 with terrestrial abundance of HD for o/p ratios of
8�10−3, 7�10−2, and 3 with the temperature of the 22-pole
ion trap ranging from 13 to 50 K. Results are shown in
Fig. 7 together with theoretical values from the master equa-
tion based on the strong ergodic limit. Results at the lowest
temperatures are in good agreement with Gerlich et al.18 Fol-
lowing their description, our forward rate coefficient
being higher by a factor of �4 together with an even equi-
librium constant point at backward rate coefficients also
a factor of �4 higher. Indeed, a value in the range of
2�10−10 cm3 s−1 for the backward rate coefficient has also
been measured directly by injecting H2D+ ions into n-H2

target gas.
Our theoretical and experimental results shown in Fig. 7

are in reasonable agreement presenting similar trends. How-
ever, significant differences are found for the experiment at a
H2 o/p ratio of 0.8�10−2 in comparison to the theoretical
curve for 10−2. The discrepancy is likely due to an improper
thermalization of the ions to the trap’s walls. Previous de-
tailed spectroscopic studies of H2D+ and D2H+ ions showed
an ion kinetic temperature of 27 K when the nominal tem-
perature of the trap’s walls was 17 K. Reasons for this dis-
crepancy are discussed in Refs. 54–56 and improvements to
the ion thermalization at the lowest wall temperatures are
currently explored. Despite these difficulties, the general
trend of the H2D+ /H3

+ ratio as a function of temperature and
o/p ratio of H2 agree very well but follow up experiments at
fully thermalized conditions will pose a more quantitative
test for the current and future theoretical work.

The agreement with the experimental H2D+ /H3
+ ratio is

better for the predictions based on the weak ergodic limit
�not shown in Fig. 7� as compared to the strong ergodic limit
results presented in Fig. 7. The former values are lower by a
factor of �6 /4 as can be inferred from Table VII.

V. DISCUSSION

Despite the subtle discrepancies between experiment and
theory the general trends are well reproduced. Therefore this
work clearly demonstrates the utility of the microcanonical
model. In fact the agreement between the two supports the
assumption of full scrambling in H5

+ at low temperatures with
an increasing influence of dynamical restrictions perhaps to
the limit of a nonergodic behavior at higher energies and
temperatures. In any case, the rate coefficients of this study
might serve as a test to compare any new experiment, astro-
physical modeling, or a more realistic theoretical approach
such as scattering calculations which should be feasible for
this five, light nuclei system even at a full quantum level

when comparing to similar systems of current research.57

Regardless of these future developments some other aspects
deserve attention.

Regarding the complexity of state-detailed chemical
models, a reduced model neglecting the rotational states and
considering only the nuclear spin modification of the isoto-
pologues may be preferred.10,15,38 For this purpose, one can
use �i� ground state-to-species rate coefficients �see Eq. �55�
and the Appendix� on the basis that for low temperatures or
for low H2 densities, only the ground state of each isotope-
nuclear spin species is significantly populated or �ii� thermal
species-to-species �i.e., canonical� rate coefficients by con-
sidering each isotope-nuclear spin species as internally ther-
malized. Such reduced models can account for the efficient
pumping from p-H2D+ to H3

+ via o-H2D+ in collisions with
the energetic o-H2 as well as nonthermal ortho-�meta�-para
ratios. However, it cannot account for collisional pumping
within the rotational ladder of each isotope-nuclear spin spe-
cies as it cannot account for radiative cooling. This limitation
may result in the overestimation or underestimation of the
isotopic fractionation of H3

+ in astrochemical modeling.
A principal limitation to the use of the microcanonical

approach appears for nonthermal environments. State-to-
state or species-to-species thermal rate coefficients are based
on the fact that all internal states are kinetically thermalized.
Using thermal rate coefficients in a time dependent or
steady-state model thus implies that the kinetic degrees of
freedom of all internal states are thermalized at all times.
However, this assumption can be wrong in environments far
from thermal equilibrium since the exchange of energy be-
tween the different degrees of freedom can lead to kinetic
heating �or cooling�. As an example, in an environment very
far from equilibrium such as H2 at Tkin=Trot=10 K with
o /p=3, the H3

+ ions would be frequently colliding with o-H2.
Since the rotational and kinetic degrees of freedom com-
pletely mix their energies during the collision process and
that o-H2 can relax to p-H2 by exchanging a proton, the H3

+

ions would keep absorbing a significant fraction of the 170 K
internal energy of o-H2, thereby exciting their rotational and
kinetic degrees of freedom to mean energies much higher
than the initial 10 K. The H3

+ ions would be kinetically
heated. Thermal rate coefficients are thus incorrect for such
environments.

The master equation based on thermal state-to-state rate
coefficients presented in Sec. III B 1 works on the internal
phase space only and implicitly forces the kinetic degree of
freedom to be thermally distributed. Therefore, it cannot ac-
count for kinetic heating just as it violates the first law of
thermodynamics in nonthermal environments. The steady-
state and time-dependent populations which follow from it
are therefore biased. In order to mend this statistical me-
chanical problem, a stochastic method working in the full
phase space was proposed37 but it has not yet been applied to
the H3

++H2 system. Note that this kinetic heating effect ap-
plies to all species which can exchange a proton with H2,
thus also to CH3

+, C2H2
+, and their isotopologues and particu-

larly the light H+.
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VI. CONCLUSIONS

A microcanonical model used to calculate thermal state-
to-state rate coefficients for all H3

++H2 isotopic variants in
the temperature range 5–50 K has been derived. Full scram-
bling of the nuclei during the intermediate complex lifetime
was assumed. In addition, both weak and strong ergodic lim-
its, respectively neglecting and accounting for the degenera-
cies of the reaction mechanisms, were tested. In both cases,
the resulting set of rate coefficients was successfully com-
pared to the corresponding canonical approach by the inter-
mediate of a state-detailed master equation. Such microca-
nonical model can be straightforwardly applied to other
scrambling isotopic systems such as CH3

++H2.
Extended measurements with a 22-pole ion trap were

performed studying, in particular, the deuteration chain of H3
+

with HD at low temperatures. In general, agreement between
experiment and microcanoncical model was found. The tem-
perature dependence of the experiment also agrees with pre-
vious experiments at higher temperatures.29,30 However, the
deuteration rate coefficient at the lowest temperature is faster
than previously reported by Gerlich et al.18 This is a very
surprising result as the measurements have been conducted
in the same setup but with a different trap. Recent spectro-
scopic investigations show that the ion temperature is of con-
cern. However, similar steady-state H2D+ to H3

+ ratios in the
different experiments hint at similar trap temperatures. Still,
it is quite possible that lower temperatures were reached in
the previous study. However, it is questionable whether the
rate coefficient will show a drastic drop over a temperature
range of 5–10 K. Therefore more systematic studies under
conditions of proper thermalization are needed. Technical
improvements of the current trap setup are underway.

The agreement between our experimental and theoretical
results supports the full-scrambling hypothesis assumed for
the calculations. In particular, the relatively fast D2H++HD
→D3

++H2 reaction at low temperatures is a clear evidence
for efficient exchange reaction mechanisms. Toward higher
temperatures, experimental results suggest partial scrambling
in favor of the transfer reaction mechanism. State specific
experimental rate coefficients which could be obtained with
spectroscopic tools54,55 would serve as a more stringent test
for theory.

State-to-state and state-to-nuclear spin species rate coef-
ficients based on the weak and strong ergodic limits as well
as equilibrium constants and partition functions are available
online as supplementary material.58 Regarding the underly-
ing physical interpretation, we recommend to use the rate
coefficients based on the strong rather than the weak ergod-
icity principle although our current experimental results tend
to partially support the latter.

State-detailed astrochemical models of the H3
+ isotopo-

logues are now accessible despite their greater complexity.
With the advent of a new generation of telescopes and ob-
servation facilities �see Ref. 59, Table III�, the detection lim-

its and spatial resolutions of o-H2D+ and p-D2H+ ground
state transitions will be significantly improved and those of
p-H2D+ and o-D2H+ will become accessible. Since their
critical number densities �see Table VI� are in the typical
range of prestellar cores and protostellar objects, coupling
between radiative and collisional processes ought to be con-
sidered for a good interpretation of the astronomical obser-
vations and exact chemical modeling.

The H3
+ isotopologues are greatly entangled with their H2

environment, namely, the HD /H2 ratio, the temperature, and
the influential H2 ortho-to-para ratio. The latter can be a
serious limiting factor for the H3

+ deuterium fractionation
which is a cornerstone of the coolest astrochemistry. The H2

o/p ratio thus has to be considered in models of cold envi-
ronments ��10 K� where extreme molecular deuteration can
occur. For the same reason, the H3

+ isotopologues are likely
the ideal tracers for the H2 o/p ratio as illustrated in Fig. 11.
We hope that the new tools developed here will shed light on
the nonthermal o/p ratio of H2 and its relaxation during stel-
lar formation.16,17,38
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APPENDIX: GROUND STATE-TO-SPECIES
RATE COEFFICIENTS

Table VIII contains ground state-to-species rate coeffi-
cients with nuclear spin modification details.
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FIG. 11. �Color� The p-D2H+�101� /o-H2D+�111� steady-state ratio as a func-
tion of temperature for pure molecular hydrogen environments with deute-
rium cosmic abundance �HD /H2=3.2�10−5� and various o /p-H2 ratios.
The arrow indicates a decreasing o/p ratio of H2. Radiative processes are not
considered here.
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TABLE VIII. Ground state-to-species rate coefficients with nuclear spin modification details �see Eq. �55�� according to the full-scrambling hypothesis and the strong ergodicity principle. The rows are the ground state
reactants and the columns are the product species. The rates are given in the form k=�e−
/T. The � �cm3 s−1� and 
 �kelvin� coefficients were fitted in the temperature range 5–20 K if the rates were higher than
10−17 cm3 s−1, else up to 50 K. The � coefficients are given with the format a�−b� representing a�10−b. The F refer to reactions strictly forbidden by nuclear spins.

5 H system

p-H3
+

p-H2

p-H3
+

o-H2

o-H3
+

p-H2

o-H3
+

o-H2

p-H3
+ p-H2 1.89�−9� 8.16�−10� F 5.88�−10�

0.00 164.9 198.2

p-H3
+ o-H2 2.98�−10� 1.13�−9� 3.46�−10� 8.03�−10�

−0.69 −0.19 −0.69 32.6

o-H3
+ p-H2

F 1.50�−9� 1.84�−9� 8.84�−9�
136.2 −0.26 170.0

o-H3
+ o-H2 1.04�−10� 4.00�−10� 9.67�−11� 1.29�−9�

0.00 −0.19 −0.14 0.07

4 H-1 D system

p-H3
+

HD
o-H3

+

HD
p-H2D+

p-H2

p-H2D+

o-H2

o-H2D+

p-H2

o-H2D+

o-H2

p-H3
+ HD 1.55�−10� 5.71�−11� 3.11�−10� 4.93�−10� 6.08�−10� 5.71�−10�

−1.05 32.25 −0.71 0.95 −1.08 25.8

o-H3
+ HD 2.87�−11� 1.62�−10� F 1.70�−10� 2.22�−10� 1.11�−9�

−0.38 −0.94 −0.44 −0.47 0.35

p-H2D+ p-H2 2.46�−10� F 1.79�−9� F F 1.02�−9�
226.5 −0.01 256.1

p-H2D+ o-H2 1.48�−10� 9.32�−9� F 5.29�−10� 1.26�−9� 6.04�−10�
58.8 94.6 −0.18 0.06 88.8

o-H2D+ p-H2 1.31�−10� 9.49�−11� F 5.58�−10� 1.79�−9� 6.54�−10�
140.4 178.9 82.7 −0.02 174.0

o-H2D+ o-H2 4.67�−11� 1.64�−10� 8.31�−11� 1.68�−10� 2.19�−10� 1.14�−9�

−0.82 6.31 −0.92 −0.77 −0.72 −0.06

3 H-2 D system

p-H3
+

p-D2

p-H3
+

o-D2

o-H3
+

p-D2

o-H3
+

o-D2

p-H2D+

HD
o-H2D+

HD
p-D2H+

p-H2

p-D2H+

o-H2

o-D2H+

p-H2

o-D2H+

o-H2

p-H3
+ p-D2 2.21�−11� F F F 3.50�−9� 5.08�−9� 3.02�−10� 4.08�−10� F F

−0.20 −0.41 −0.08 −0.12 0.62

p-H3
+ o-D2

F 1.73�−11� F F 3.06�−10� 2.42�−10� F F 4.81�−10� 5.39�−10�

−0.29 0.59 0.08 −0.42 0.06

o-H3
+ p-D2

F F 3.14�−11� F F 8.02�−10� F 7.50�−10� F F

0.29 0.09 −0.10
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TABLE VIII. �Continued.�

o-H3
+ o-D2

F F F 2.38�−11� F 5.59�−10� F F F 1.03�−9�

−0.63 2.49 −0.86

p-H2D+ HD 7.83�−12� 9.48�−12� F F 2.08�−10� 2.84�−10� 4.12�−10� 1.89�−10� 7.32�−10� 1.93�−10�
237.8 146.6 −0.50 88.5 −0.50 33.1 0.30 −0.64

o-H2D+ HD 2.52�−12� 3.88�−12� 6.80�−12� 1.03�−10� 8.64�−11� 4.66�−10� 6.41�−11� 3.02�−10� 1.49�−10� 5.24�−10�
150.1 65.1 181.7 96.8 −0.38 1.38 0.22 −0.60 −0.9 −0.56

p-D2H+ p-H2 2.02�−10� F F F 3.26�−10� 4.49�−10� 1.73�−9� 7.09�−10� F F

355.0 137.3 231.4 −0.01 168.8

p-D2H+ o-H2
F F 2.65�−11� F 7.33�−11� 5.94�−10� 2.84�−10� 1.35�−9� F F

233.9 1.58 54.6 −0.58 −0.10

o-D2H+ p-H2
F 1.56�−11� F F 3.48�−10� 4.61�−10� F F 1.72�−9� 4.16�−10�

325.2 193.6 281.7 −0.05 171.1

o-D2H+ o-H2
F 8.35�−12� F 1.65�−11� 8.15�−11� 6.82�−10� F F 4.17�−10� 1.27�−9�

171.1 194.6 15.6 103.4 −0.36 −0.08

2 H-3 D system

p-H2D+

p-D2

p-H2D+

o-D2

o-H2D+

p-D2

o-H2D+

o-D2

p-D2H+

HD
o-D2H+

HD
p-D3

+

p-H2

p-D3
+

o-H2

m-D3
+

p-H2

m-D3
+

o-H2

o-D3
+

p-H2

o-D3
+

o-H2

p-H2D+ p-D2 4.42�−11� 4.82�−11� F F 6.78�−10� 5.41�−10� 1.69�−11� F F F 1.41�−10� F

−0.43 −1.01 −0.23 0.85 −0.64 −1.05

p-H2D+ o-D2 2.07�−11� 7.62�−11� F F 2.57�−10� 7.49�−10� F F 2.27�−10� F 1.60�−10� F

86.3 −0.65 −0.55 0.60 −0.86 0.11

o-H2D+ p-D2
F F 8.14�−11� 3.93�−11� 6.64�−10� 5.39�−10� F 1.48�−11� F F F 1.31�−10�

1.48 0.21 0.20 −0.44 −0.62 0.18

o-H2D+ o-D2
F F 3.95�−11� 8.52�−11� 2.74�−10� 8.75�−10� F F F 1.63�−10� F 8.01�−11�

88.5 1.73 −0.36 0.53 −1.57 −0.94

p-D2H+ HD 1.54�−11� 1.17�−11� 9.47�−11� 4.68�−11� 6.53�−10� 3.36�−10� 1.45�−11� 4.09�−11� F F 1.09�−10�3.70�−10�
145.5 57.0 237.3 146.2 −0.73 1.80 −0.69 −0.71 −0.78 0.52

o-D2H+ HD 7.83�−12� 2.12�−11� 3.59�−11� 7.79�−11� 2.90�−10� 7.54�−10� F F 1.36�−10� 2.07�−10� 1.10�−10�2.84�−10�
202.2 107.6 285.1 196.7 48.3 0.04 −0.15 −0.10 −0.27 −0.38

p-D3
+ p-H2 2.21�−10� F F F 1.77�−9� F 1.69�−9� F F F F F

379.2 225.2 0.00

p-D3
+ o-H2

F F 3.00�−10� F 1.69�−9� F F 1.59�−9� F F F F

286.7 52.3 −0.41

m-D3
+ p-H2

F 1.65�−10� F F F 9.57�−10� F F 1.69�−9� F F F

344.9 239.3 0.00

m-D3
+ o-H2

F F F 1.90�−10� F 1.53�−9� F F F 1.68�−9� F F

262.7 65.6 0.00
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TABLE VIII. �Continued.�

o-D3
+ p-H2 1.07�−10� 7.85�−11� F F 9.43�−10� 6.89�−10� F F F F 1.69�−9� F

393.9 296.9 237.4 189.7 0.00

o-D3
+ o-H2

F F 1.53�−10� 9.60�−11� 9.06�−10� 7.70�−10� F F F F F 1.30�−9�
303.8 213.6 66.2 17.0 −1.47

1 H-4 D system

p-D2H+

p-D2

p-D2H+

o-D2

o-D2H+

p-D2

o-D2H+

o-D2

p-D3
+

HD
m-D3

+

HD
o-D3

+

HD

p-D2H+ p-D2 2.45�−10� 5.16�−11� 4.36�−11� 1.42�−10� 8.94�−11� F 8.23�−10�

−0.19 0.10 3.11 1.31 −1.00 −0.13

p-D2H+ o-D2 3.74�−11� 1.62�−10� 1.05�−10� 9.12�−11� 7.44�−11� 2.93�−10� 7.59�−10�
85.9 0.29 35.6 3.65 0.11 0.16 −0.52

o-D2H+ p-D2 3.64�−11� 1.92�−10� 9.40�−11� 1.11�−10� 6.87�−11� 2.77�−10� 6.52�−10�
50.0 −0.70 −0.33 −0.50 −0.85 −0.76 0.90

o-D2H+ o-D2 5.75�−11� 7.31�−11� 4.28�−11� 2.24�−10� F 5.82�−10� 5.81�−10�
137.7 50.3 85.5 −0.85 −0.08 0.40

p-D3
+ HD 2.77�−10� 2.24�−10� 1.50�−10� F 6.91�−10� F 7.75�−10�

229.7 144.8 182.0 0.00 0.00

m-D3
+ HD F 1.08�−10� 8.74�−11� 2.65�−10� F 1.41�−9� 5.97�−10�

206.7 251.3 154.3 −0.25 46.3

o-D3
+ HD 1.40�−10� 1.63�−10� 1.08�−10� 1.20�−10� 9.16�−11� 2.46�−10� 1.17�−9�

247.4 160.5 198.4 105.2 15.5 −0.23 −0.18

5 D system

p-D3
+

p-D2

p-D3
+

o-D2

m-D3
+

p-D2

m-D3
+

o-D2

o-D3
+

p-D2

o-D3
+

o-D2

p-D3
+ p-D2 4.03�−10� F F F 4.61�−10� 4.75�−10�

−0.24 −0.29 0.54

p-D3
+ o-D2

F 5.56�−10� 4.00�−10� F 5.34�−10� 6.18�−10�

−0.77 21.7 68.9 −0.77

m-D3
+ p-D2

F 8.37�−11� 4.87�−10� 1.48�−10� 1.11�−10� 6.12�−10�

−0.61 −0.37 −0.49 46.6 0.45

m-D3
+ o-D2

F F 2.14�−10� 1.27�−9� 1.63�−10� 6.66�−10�
84.7 −0.32 130.5 45.8

o-D3
+ p-D2 5.37�−11� 4.49�−11� 4.47�−11� 5.64�−11� 5.76�−10� 5.87�−10�

15.2 −0.23 −0.26 0.72 −0.10 −0.19

o-D3
+ o-D2 2.51�−11� 7.74�−11� 3.21�−10� 2.78�−10� 3.24�−10� 9.70�−10�

99.5 15.3 38.3 −0.47 85.2 −0.39
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